In order to replace traditional sampling and analysis techniques, turbidimeters can be used to estimate TSS concentration in sewers, by means of sensor and site specific empirical equations established by linear regression of on-site turbidity T values with TSS concentrations C measured in corresponding samples. As the ordinary least-squares method is not able to account for measurement uncertainties in both T and C variables, an appropriate regression method is used to solve this difficulty and to evaluate correctly the uncertainty in TSS concentrations estimated from measured turbidity. The regression method is described, including detailed calculations of variances and covariance in the regression parameters. An example of application is given for a calibrated turbidimeter used in a combined sewer system, with data collected during three dry weather days. In order to show how the established regression could be used, an independent 24 hours long dry weather turbidity data series recorded at 2 min time interval is used, transformed into estimated TSS concentrations, and compared to TSS concentrations measured in samples. The comparison appears as satisfactory and suggests that turbidity measurements could replace traditional samples. Further developments, including wet weather periods and other types of sensors, are suggested.
Introduction
Monitoring of pollutant concentrations in sewers is most frequently carried out by means of samples which are later analysed in the laboratory. The analyses are made according to recognised standard methods (Rodier, 1996; Greenberg et al., 1999) and quality procedures which should ensure reliable analytical results. Such an approach nevertheless suffers from many drawbacks: limitation of the number of samples (typically 24 flasks in commercial automatic samplers), extremely high costs for long term and/or short time interval monitoring programmes, delay between sampling and analyses, high level of maintenance and handling, etc. This is the reason why, at least since the middle of the 1980s, attempts have been made to replace sampling and analyses by on-line sensors which provide large instantaneous data series recorded at short time interval. Among these sensors, turbidimeters can be used to estimate TSS (Total Suspended Solids) concentration by means of empirical equations established by linear regression of on-site turbidity T values with TSS concentrations C measured in corresponding samples. Provided that some appropriate conditions are respected for experimental protocols [see e.g. chapter 22 in Bertrand-Krajewski et al. (2000) ], sensor and site specific equations C=f(T)=aT+b can be established, with coefficients of correlation r 2 typically ranging from 0.80 to 0.95 (Doyen, 1992; Ruban et al., 1993; Grange, 1994; Ruban, 1995) . However, such equations are not fully satisfactory as i) uncertainties in both turbidity values and estimated TSS concentrations are not accounted for, ii) if uncertainties in turbidity are considered as unavoidable, many authors usually do not account for uncertainties in TSS measurements, which are assumed to be true because they have been made according to standard methods, and iii) the usual ordinary least-squares method used for the regression y=f(x) is not able to account for uncertainties in the x variable, but only in the y variable: this is problematic as T is the x variable and C the y variable. In this paper, an appropriate least-squares regression method accounting for uncertainties in both variables is described and applied to a turbidimeter used in a combined sewer. An example of application during one dry weather day is given.
Linear regression with uncertainties in both variables
The ordinary least-squares (OLS) method allows calculating the regression of y as a function of x, where x values are supposed to be true or affected with negligible uncertainties compared to the uncertainties in y values. Under such conditions, the OLS method is applicable, for example to sensor calibration when certified standard solutions or reference materials are used as x values. However, in order to establish a regression between turbidity T and TSS concentration C, the fact that both variables are affected by uncertainties shall not be neglected. The OLS method is not appropriate and must be replaced by a more complex method initially proposed by Deming (1943) , York (1966) and Williamson (1968) , and named hereafter the Williamson least-squares (WLS) method. The authors agreed about the method itself, but used erroneous estimations of the variance in the regression coefficients due to some inadequate mathematical simplifications, mainly by neglecting the term S/(Nx2) in eq. 5 below, as explained in detail by Reed (1989 Reed ( , 1992 . For this study, the revised and correct method proposed by Reed (1992) , which is summarised hereafter, has been applied. In order to evaluate the coefficients a and b in the following linear equation
the principle of the WLS method consists to minimise the sum
where (x i , y i ) are the measured points, (X i , Y i ) are the predicted values, W(x i ) and W(y i ) are the weights of x i and y i , assumed to be equal to the variance of x i and y i , and N is the number of points. Reed (1992) demonstrates that minimising S is equivalent to solve the following second order equation, where all coefficients A 1 , A 2 and A 3 are implicit functions of a and of other intermediate variables which are themselves functions of x i , y i , W(x i ) and W(y i ):
In order to numerically solve eq. 3, we applied the iterative Newton's method, with a 0 an initial estimation of a given by the OLS method. Convergence is ensured if x and y are strongly correlated. When data are highly scattered, convergence may fail and alternative methods should be used, as discussed by Reed (1989) . Once the slope a is calculated, the intercept b is directly given by:
The variance in a is given by:
with @a @y l and @a @x l expressed as functions of
The variance in b is also given by eq. 5 but with partial derivatives of b instead of a. Unfortunately, neither the initial authors nor Reed (1992) calculated the covariance in a and b. In order to evaluate it, we used the method suggested by Plumecocq (2000) . But as Plumecocq ignored the corrections of Reed about variances and used the erroneous estimations of s(a) 2 and s(b) 2 , we combined both approaches to get all correct values. If the initial values x and y of the measured points are replaced by new values xk and yk expressed relatively to the barycentre (x B , y B ) of the points (i.e. xk=xxx B and yk=yxy B ), then the covariance in a and b is equal to zero. According to this property, one applies again the WLS method to the points expressed now with their new values: the result is a linear equation with the same slope ak=a and u(ak)=u(a), but with an intercept value bk=0 and the variance in bk not equal to zero. Then, on one hand, with the new coordinates, one has:
and on the other hand, with the initial coordinates:
Assuming that the gap between u(y) 2 and u(yk) 2 is only due to the covariance in a and b, one gets:
As ak=a and u(ak)=u(a), and assuming that u(xk)=u(x), one gets:
It is sufficient to apply the above result to any point (x, y) to get the value of cov(a, b). It should be noted also that, with the WLS method, the regression of y vs. x gives exactly the same results as the regression of x vs. y, which is not the case with the OLS method. All above calculations are carried out automatically by means of a Turbo Pascal compiled code.
Application of the WLS method Experimental catchment
The data presented in this paper have been collected in the experimental catchment of Ecully, in Lyon, France. The catchment has an area of 245 ha and a residential land use. It is drained by a combined sewer system. The outlet pipe, where measurements have been carried out, is a 1.8 m height egg-shape sewer without deposits. The data used in the regression have been collected during three dry weather periods on 28 May 2003, 4 and 18 June 2003.
Material
The effluent is continuously pumped from the sewer by means of a 1 L/s peristaltic pump into a transit flume (2.75 m length, 0.21 m width, 0.24 m height, 0.10 m mean water depth) in which various sensors, including turbidimeters, measure the effluent quality. The data are recorded with a 2 min time interval. An automatic refrigerated sampler takes samples from the transit flume, with the intake tube located close to the sensors. Under such conditions, the probability that the effluent observed by the continuous sensors has similar characteristics as the effluent pumped by the automatic sampler is maximised, but not guaranteed. The turbidity data have been obtained with an infra-red nephelometric turbidimeter Endress+Hauser CUS 1 measuring at a wavelength of 880 nm according to the standard NF EN 27027, associated to a transmitter Mycom CUM 121-100. Additionally to the data logger Sofrel S50 which records turbidity values at 2 min time intervals, a second data logger Aalborn Almemo V5 has been used specifically during the experiments to record turbidity values at 3 s time intervals.
Sensor calibration
The turbidimeter has been calibrated and its measurement uncertainties have been evaluated according to the procedure described in Bertrand-Krajewski et al. (2000) . Four certified reference formazine solutions of 20, 200, 1,000 and 1,800 NTU have been used for calibration. For each reference solution, 12 values measured by the turbidimeter have been recorded and processed to establish three equations. The first one gives the measured turbidity T1 as a function of the reference turbidity T0, directly based on calibration data: T1=1:0144T 0x3:5245 (10)
The true value T 0 for a given measured value T 1 is then estimated by the reciprocal of eq. 10:
and its empirical standard uncertainty u(T 0) (approximate equivalent to standard deviation) is given by:
Consequently, there is a 95% probability that the true value of T0 lies in the range [T0x2u(T0), T0+2u(T0)]. According to eq. 10 and eq. 12 illustrated on Figure 1 , the turbidimeter is considered as valid for site measurements as its features comply with the user's requirements.
Experimental protocol
In order to establish an empirical equation between T0 and the TSS concentration C, the following protocol has been applied. 1 L samples have been taken either manually or by the automatic sampler (during night periods) in the transit flume. They were then transferred into a beaker and continuously stirred with a magnetic stirrer. After at least 3 minutes of continuous mixing, the turbidimeter was introduced in the effluent, while mixing continued. For each sample i=1 to N=20, j=1 to N i =25 (or 50) turbidity values T1 ij have been measured and recorded at 3 seconds time interval in the Aalborn data logger. Afterwards, the turbidimeter was removed and the sample i divided into three sub-samples k=1 to 3. Each sub-sample was composed manually, as usually made in laboratories for water analyses. For each sub-sample, TSS concentrations C ik have been measured after filtration and drying at 105 C according to the standard NF EN 872.
Data processing
All recorded turbidity values T1 ij have been transformed into estimations of true turbidity values T0 ij according to eq. 11. For each sample i, the N i =25 (or 50) values of turbidity T0 ij are used to calculate the mean value T 0 i and its standard deviation:
The standard uncertainty u 1 (T 0 i ) in the mean value T0 i is calculated in such a way that T0 i t2u 1 (T0 i ) represents a 95% confidence interval. Consequently, using the Student's t-variable and a=0.05, one gets:
With N i =25 and N i =50, t=2.0639 and t=2.0096 respectively. As the sensor itself is affected by uncertainties, eq. 12 is also applied to T0 i and one gets:
As both sources of uncertainties are independent, the total standard uncertainty in T0 i is given by:
Similarly, for each sample i, with n i =3 measurements of the TSS concentrations C ik :
One gets also:
With n i =3, t=4.3027. The analytical standard uncertainty in TSS concentrations C ik is considered as equal to 5% of the measured value:
As both sources of uncertainties are independent, the total standard uncertainty in C i is:
WLS regression
The WLS method has been applied to calculate the equation C=aT+b from the N=20 points (T0 i , C i ). The experimental data with their 95% confidence uncertainty bars (i.e. half bar width=twice the standard uncertainty) are presented in Figure 2 . It appears that measurement uncertainties in TSS concentrations and in turbidity are rather equivalent (i.e. similar orders of magnitude), which confirms the interest in using an appropriate regression method to calculate TSS loads by means of turbidimeters and to evaluate properly their uncertainties.
The application of the OLS method gives a 0 =1.6403, b 0 =29.4194, u(a 0 ) 2 =0.0288, u(b 0 ) 2 =112.7871 and cov(a 0 , b 0 )=x1.6338. Using a 0 as initial value to solve eq. 3, one gets a=1.7126, u(a) 2 =0.0432, b=24.5832 and u(b) 2 =134.6504. With x B =51.7599 and y B =113.2272, one gets ak=1.7126, u(ak) 2 =0.0432, bk=0 and u(bk) 2 =19.2488. Using all 20 points, cov(a, b)=x2.2317. For each turbidity value T0, the corresponding estimated TSS concentrationĈ C and its standard uncertainty u(Ĉ C) are calculated according to eq. 21. For example, with T0=80 NTU, one getsĈ C=162 mg/L and u(Ĉ C)=12.5 mg/L, orĈ C= 162t2ru(Ĉ C)=162t25 mg/L. The linear regression (continuous line) and the associated uncertainty curves (dashed lines) are given in Figure 2 . For comparison, results given by the OLS method are represented by eq. 22: as expected, u(Ĉ C) is underestimated by OLS compared to WLS. For T0 values from 0 to 120 NTU, the relative difference in u(Ĉ C) values varies from 2 to 16%. WLS:Ĉ C=1:71T0+24:6 and u(Ĉ C) 2 =0:0432T0 2 +2:93u(T0) 2 x4:46T0+134:65 (21) OLS:Ĉ C=1:64T0+29:4 and u(Ĉ C) 2 =0:0288T0 2 +2:69u(T0) 2 x3:26T0+112:78
Operational use of the regression equation
The above results can be used to estimate dry weather TSS concentrationsĈ C(t) from continuous measurements of turbidity T0(t). They have been applied to an independent 24 hours long data series recorded in Ecully on 27-28 March 2003, i.e. three months before the data used in the regression. Estimated TSS concentrationsĈ C and their uncertainties u(Ĉ C) have been calculated from the raw turbidity T1 by eq. 11 and eq. 21. The corresponding curves are given in axis the analytical uncertainty in C. For example, the mean flow proportional sample represented by a large dot located at t=13 : 00 is made of sub-samples taken from 12 : 00 to 14 : 00: its mean TSS concentration is 168 mg/L with an analytical uncertainty equal to t17 mg/L. The correspondence between the two series of data is globally satisfactory. The fact that some gaps remain (e.g. at t=07 : 00) could be due to several factors: i) uncertainties in measured TSS concentrations C are systematically underestimated as only one single measurement of TSS has been made in each sample (as usually made in sewer studies) instead of three for the regression procedure; ii) the samples are not instantaneous but composed of flow proportional sub-samples which could introduce some bias and some shifts along the time scale, iii) contrarily to the rigorous protocol used for the regression procedure, the volumes of water pumped in the 11 samples and the volumes of water analysed by the turbidimeter are not the same ones, which could explain the differences observed: in other words, this reflects the spatial heterogeneity of the TSS concentration in the transit flume; and iv) as turbidity is very sensitive to particle characteristics (nature, size, density, organic content, etc.), some undetected changes in these characteristics may also explain the differences observed.
Conclusion and perspectives
A linear regression method accounting for uncertainties in both variables and allowing correct calculation of variances and covariance in the regression parameters is proposed. Based on the initial method of Williamson (1968) and of his predecessors, it includes corrections proposed by Reed (1992) for variance calculations and suggestions of Plumecocq (2000) for covariance evaluation. An example of application is given for a calibrated turbidimeter used to estimate TSS concentrations in a combined sewer during dry weather periods. The method provides two equations: i) one equation to estimate the TSS con-centrationĈ C from the turbidity T, expressed asĈ C=aT+b, and ii) one equation to calculate the uncertainty in the estimated concentrationĈ C.
Compared to TSS concentrations measured in samples taken during an independent 24 hours long dry weather period, the results appear as satisfactory and show that online continuous turbidity measurements can reliably evaluate TSS concentration. Additionally, uncertainties can be properly evaluated, which has many potential benefits: better monitoring of pollutant loads for scientists and operators, facilitated official recognition of online Further developments of the method will concern: i) the extension of the data series to analyse the stability of the empirical equation and of its parameters; ii) the application of the method to wet weather data series: as particle characteristics change during wet weather compared to dry weather, turbidity values for a given TSS concentration may change too, and consequently the empirical equation should be adapted; iii) the application of the WLS regression method to other types of sensors, like mono-and multi-wavelength UV spectrophotometers used to estimate COD or BOD 5 , iv) the evaluation and the comparison of uncertainties in dry and wet weather TSS loads calculated by means of both turbidity and traditional samples, and v) the extension to polynomial regressions.
